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All work described here is joint with Zhiwei Yun and Wei Zhang.

This talk will explain some enumerative geometry questions whose
interesting structure comes from connections to automorphic forms.

We will begin with the simplest classical example of an automorphic form:
theta series.
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Theta series

Slogan. Theta series are generating functions for counting lattice
vectors.

Example.

θ(q) =
∑
λ∈Z4

q|λ|2 =
∑

n
#{n = a2 + b2 + c2 + d2}qn.

Key properties.
Modularity – when viewed as the Fourier expansion of a complex
analytic function via q = e2πiz , θ has many symmetries.
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Figure: A fundamental domain for a modular form.
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Conjecture (Diophantus, Bachet) Every natural number n is a sum of
four squares.



Proof Sketch of the Siegel-Weil formula

Modularity is so special that the relevant space of modular functions is
two-dimensional.

An explicit basis of this space can be written down in terms of
Eisenstein series e.g.,

Eis(z) =
∑

n
(
∑
d |n
4-d

d)qn.

(Eisenstein series are modular functions that are relatively “easy” to write
down, because they come by induction from simpler situations.)

By comparing two Fourier coefficients, one deduces

θ(z) = 8 Eis(z).
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Singular coefficients

The equality

#{(a, b, c, d) : n = a2 + b2 + c2 + d2} = 8
∑
d |n
4-d

d .

is not quite right for n = 0.
LHS is 1.
RHS is 8× (1 + 2 + 3 + 5 + 6 + 7 + 9 + . . .).

The Riemann zeta function ζ(s) =
∑
n≥1

1
ns has meromorphic continuation

to s ∈ C, and

ζ(−1) = “1 + 2 + 3 + 4 + . . . ” = − 1
12 .

Suitably using this to regularize the RHS, the identity holds even for n = 0.
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More general theta series

Interpretation in terms of counting lattice vectors:

#{(a, b, c, d) : n = a2 + b2 + c2 + d2} = #{λ ∈ Z4 : |λ|2 = n}.

1. Generalize by counting vectors in a general (definite) lattice (Λ,Q).

The theta series

θQ(z) :=
∑
n≥0

#{λ ∈ Λ: Q(λ, λ) = n}qn

is modular and fits into a Siegel-Weil formula

AvgQ(θQ(z)) ∼ Eis(z).

2. Even more generally, can count configurations of m vectors in Λ, with
generating function parametrized by T ∈ Matm×m(Z).
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Summary

Slogan: Theta series are generating functions for counting lattice vectors
of a given length.

Key features:
(Symmetry) Modularity.
(Special value formulas) Siegel-Weil formula.

Keep in mind: the singular terms, indexed by T with detT = 0, feature
extra subtleties.

We will see several other incarnations of theta series and their features.

Number field Function field

Spec Z curve X/Fp
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Theta series over function fields

Notation: Let
X be a smooth projective curve over a finite field Fq.
ν : X ′ → X an étale double cover with non-trivial automorphism σ.
F be a vector bundle on X ′.
h : F ∼−→ σ∗F∨ a Hermitian form.

Number field Function field

(Lattice,Q)/Z (Vector bundle F , h)/X ′

Z (n) = {vectors of norm n} ZL(T ) = {global sections of norm T}

θ(z) θ(ξ)

Fourier series Fourier series
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Connection to automorphic forms

Let BunU(n) be the moduli space classifying
A rank n vector bundle F on X ′.
A hermitian structure h : F ∼−→ σ∗F∨ such that σ∗h∨ = h.

Connection between number theory and geometry comes from Weil’s
uniformization theorem:

BunG(Fq) = G(F )\G(AF )/G(ÔX )

Upshot: a function on bundles can be interpreted as an automorphic
form.

For example, the function associating to F the number #H0(F).
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Arithmetic theta series
Arithmetic theta series concern special cycles in arithmetic moduli spaces.

Figure: Special cycles in a product of modular curves, taken from [Li].
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∑

n #Z (n)qn Θ(q) =
∑

n [Z(n)]qn

Z (n) = {λ ∈ Λ: Q(λ) = n} Z(n) ⊂ Sht1n

Sht1n = “moduli space of shtukas”
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Arithmetic Siegel-Weil

Arithmetic theta series are generating functions of “special cycles” in an
ambient moduli space.

Θ(z) :=
∑
T

[Z(T )]qT , [Z(T )] ∈ Ch∗(Sht1n).

Goals:
Modularity

Arithmetic Siegel-Weil:
∫

Θ(z) ∼ d
ds |s=0 Eis(z , s)

e.g., Eis(z , s) = − 1
2ζ(1− 2s) +

∑
n(
∑

d|n d s)qn.
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Summary:
Siegel-Weil:

theta series ↔ value of Eis(s) at s = s0

Arithmetic Siegel-Weil (Kudla program):

arithmetic theta series ↔ derivative of Eis(s) at s = s0.

Higher Siegel-Weil???

??? ↔ higher derivatives of Eis(s) at s = s0.
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Towards moduli of shtukas

Let Hkr
U(n) be the moduli space classifying

(F0, h0), (F1, h1), . . . , (Fr , hr ) ∈ BunU(n).
x1, . . . , xr ∈ X ′ and “modifications”

Fi−1|X ′−xi−σ(xi )
∼−→ Fi |X ′−xi−σ(xi ) for each i = 1, . . . , r .

Have
Hkr

U(n) (X ′)r

BunU(n) BunU(n) BunU(n)

pr0 pri
prr

Shorthand: Hkr
U(n) = {F0 99K F1 99K . . . 99K Fr}.
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The moduli space of Hermitian shtukas ShtrU(n) is defined by the Cartesian
diagram

ShtrU(n) Hkr
U(n)

BunU(n) BunU(n)×BunU(n)

(pr0,prr )
Id×Frobq

Shorthand: ShtrU(n) = {F0 99K F1 99K . . . 99K Fr︸ ︷︷ ︸
∈Hkr

U(n)

∼= Frob∗F0}.



The moduli space of Hermitian shtukas ShtrU(n) is defined by the Cartesian
diagram

ShtrU(n) Hkr
U(n)

BunU(n) BunU(n)×BunU(n)

(pr0,prr )
Id×Frobq

Shorthand: ShtrU(n) = {F0 99K F1 99K . . . 99K Fr︸ ︷︷ ︸
∈Hkr

U(n)

∼= Frob∗F0}.



Special cycles

We define certain “special cycles” Zr (T )→ ShtrU(n).

Zr (T ) =
∐
E Zr
E(T ) as E ranges over vector bundles on X ′.

Zr
E =


E E . . . E Frob∗ E

F0 F1 . . . Fr Frob∗F0

t0 t1

∼

tr Frob∗ t0
∼


The composition E ti−→ Fi

hi−→ σ∗F∨i
σt∨i−−→ σ∗E∨ defines a map

Zr
E

Hom(E , σ∗E∨)
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Example: E = O⊕m, then each ti represents m global sections of Fi and
T is the m ×m matrix of pairwise Hermitian products.
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For E a rank m vector bundle on X ′, Zr
E → ShtrU(n) has “expected

codimension” mr .

For m = 1 and T non-singular, Zr
E(T ) is LCI of codimension r . (In

general, the geometry is difficult to control.)

Example: if T = 0, then Zr
E(T ) dominates the whole moduli space

Shtrn but [Zr
E(T )]vir should have codimension r · rank E .

We [want to] construct virtual fundamental classes [Zr
E(T )],

satisfying certain expected properties.
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Higher theta series
For every r ≥ 0, we construct higher theta series assembled from “special
cycles” Zr

E(T ) on moduli spaces Shtrn.

Higher Siegel-Weil Theorem [F-Yun-Zhang 2021] Suppose
rank E = n. If T is non-singular, then∫

Shtrn
[Zr
E(T )] ∼

( d
ds

)r
|s=0 EisT (s).

Recovers Siegel-Weil for r = 0 and arithmetic Siegel-Weil
for r = 1.
Novelty: have an identity for every r , independent of order of
vanishing.



Higher theta series
For every r ≥ 0, we construct higher theta series assembled from “special
cycles” Zr

E(T ) on moduli spaces Shtrn.

Higher Siegel-Weil Theorem [F-Yun-Zhang 2021] Suppose
rank E = n. If T is non-singular, then∫

Shtrn
[Zr
E(T )] ∼

( d
ds

)r
|s=0 EisT (s).

Recovers Siegel-Weil for r = 0 and arithmetic Siegel-Weil
for r = 1.
Novelty: have an identity for every r , independent of order of
vanishing.



Higher theta series
For every r ≥ 0, we construct higher theta series assembled from “special
cycles” Zr

E(T ) on moduli spaces Shtrn.

Higher Siegel-Weil Theorem [F-Yun-Zhang 2021] Suppose
rank E = n. If T is non-singular, then∫

Shtrn
[Zr
E(T )] ∼

( d
ds

)r
|s=0 EisT (s).

Recovers Siegel-Weil for r = 0 and arithmetic Siegel-Weil
for r = 1.
Novelty: have an identity for every r , independent of order of
vanishing.



Remarks on the proof
Function-sheaf dictionary:

sheaf F on Y /Fq function fF on Y (Fq).

F f

Trace of Frob

categorification

We want:(
degree of [Zr (T )]

“higher” special cycle

)
=

 r th derivative of
Fourier coefficient EisT (s)

for G at s = 0


where T varies over Fourier space.

We construct:
A sheaf FEis categorifying Fourier coefficients of Eis.
A sheaf FEnum categorifying the degrees of special cycles.

We prove FEis ∼= FEnum.
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Why categorify?

Let Y /Fq.

Functions on the (discrete) set Y (Fq) have no knowledge of the geometry
of Y .

Given knowledge of f on U(Fq) for open dense U ⊂ Y , can say
nothing a priori about f on all of Y (Fq).

Perverse sheaves on Y /Fq have a lot of structure.

The category of perverse sheaves is Artinian (like representations of a
finite group) – every object can be decomposed into finitely many
irreducible pieces.
The irreducible pieces (intersection complexes) can be recovered from
their restrictions to dense open subsets in their support.

This allows to “analytically continue” an isomorphism FEis ∼= FInt from an
open subset where the sheaves are simpler.
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Figure: The nilpotent cone of sl2.



Defect of the Theorem: essential that T is non-singular.

When we proved the theorem, there was no definition of [Zr
E(T )]vir

for singular T .
Now there is (to be explained), but there are still difficulties in
extending the Theorem.
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Construction of virtual fundamental classes

The special cycles Zr
E(T ) are poorly behaved in general (e.g., “too large”

dimension).

So, we need to construct virtual fundamental classes [Zr
E(T )]vir.

Can think of this as a regularization problem.

F-Yun-Zhang proposes to resolve this using derived algebraic geometry.
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What is derived algebraic geometry?

Algebraic geometry – geometry built from commutative rings.

Derived algebraic geometry – geometry built from “topological”
commutative rings.

Analogy – schemes : derived schemes :: reduced schemes : schemes.

Xclassical ↪→ X Xred ↪→ X

A commutative ring can be regarded as a discrete topological
commutative ring.

Given a topological commutative ring, its connected components form
a classical commutative ring (“classical truncation”).
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Examples

(Derived intersection) Given X → Z and Y → Z , there is a derived
fibered product X

L
×Z Y whose underlying classical is X ×Z Y .

(Derived moduli) Extend the moduli problem to topological
commutative rings.

Hidden smoothness philosophy: non-LCI moduli spaces should
arise as the classical truncations of natural derived moduli spaces that
are quasi-smooth (i.e., “derived LCI”).

Quasi-smooth spaces (maps) have an intrinsic notion of (relative)
fundamental class, which can be regarded as a virtual class on the
underlying classical truncation.
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Example. (Derived Hitchin stacks)

M Hom(E ,F)

BunGLm ×BunU(n) (E ,F)

The mapM→ BunGLm ×BunU(n) is not even flat – fibers are vector
spaces of varying dimension.

LM “RHom(E ,F)”

BunGLm ×BunU(n) (E ,F)

The map LM→ BunGLm ×BunU(n) is quasi-smooth. (It is the “derived
vector complex” total space of the perfect complex RHom(E ,F).)
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The Modularity Conjecture

Goal: define virtual fundamental classes [Zr
E(T )]vir so that the higher

theta series
Θr (ξ) := Fourier series ([Zr

E(T )]vir)

is modular.

Theorem∗ [F.-Yun-Zhang] There exists a definition of [Zr
E(T )]vir so that

the higher theta series

Θr (ξ) := Fourier series ([Zr
E(T )]vir)

is modular after taking its realization in the cohomology of the generic
fiber.
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Beyond the sheaf-function dictionary

(Sheaf → function)

Sheaf with endomorphism function on the fixed pointstrace

(Sheaf → cohomology class)

Sheaf F with cohomology class

“derived correspondence” F 99K F [i ] on the fixed locus

trace

We realize/define our virtual class as a trace of a derived correspondence.

We show a version of modularity for the derived correspondence.
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Classical proof of modularity of theta series relies on Fourier duality
(Poisson summation).

There is a Fourier duality for sheaves [Deligne-Laumon]
For V → S a vector bundle, have

`-adic Fourier transform: D(V ) ∼= D(V ∨).

There is an extension to “derived Fourier duality” for sheaves:
For K a perfect complex on S, can make a “derived vector complex”
Tot(K), with a

derived `-adic Fourier transform: D(Tot(K)) ∼= D(Tot(K)∨).
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Fine print on the Theorem: there are actually three different approaches to
the definition of the requisite virtual fundamental classes.

(1) Trace of a relative fundamental class.
Pro: fits into the proof of the Theorem.

(2) Intrinsic virtual fundamental class.
Pro: Has the best theoretical properties.

(3) Explicit elementary formula.
Pro: requires no derived algebraic geometry; closest to classical
conjectures.

Know that (2) = (3).
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Thank you for listening!


